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Abstract 

A new symmetrized estimator of population total has been 
obtained for use in unequal probability sampling without 
replacement. Empirical study of the new estimator is done. It is 
found that the new estimator perform reasonably well as compared 
to the Murthy (1957) estimator. 
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1.  Introduction 
Horvitz and Thompson (1952) originate the theory of unequal 
probability sampling without replacement when they proposed 
following estimator of population total: 
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where iπ  is probability of inclusion of i-th unit in the sample. 
Horvitz and Thompson gave following variance formula for 
estimator (1.1). 
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an alternative expression, for fixed n, given by Sen (1953) and 
independently by Yates and Grundy (1953), is: 
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Number of selection procedures are derived for use with the 
Horvitz–Thompson estimator since its emergence.  
Raj (1956) developed following ordered estimator for population 
total:  
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  (1.5) 
The Raj (1956) estimator for a sample of size 2 is given as: 
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the sampling variance of estimator given in (1.6) is given as: 
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Murthy (1957) uses the idea of sufficiency to overcome the defect 
of Raj estimator. He symmetrized the Raj’s estimator to produce 
an un-ordered estimator. The estimator proposed by Murthy has 
general form: 
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where ( )isP  is the probability of obtaining a sample “s” given 

that ith unit has been already selected and ( )sP  is the probability 
of obtaining a sample “s” 
The Murthy (1957) estimator for a sample of size 2 is given as: 
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The sampling variance for estimator given in (1.9) is given as: 



A New Symmetrized Estimator of Population Total in Unequal Probability Sampling 
 

22 

( ) ( ) 2

1 1

11
2 2

N
i j i j ji

symm
i j i j i j

j i

PP P P YYVar t
P P P P= =

≠

− − ⎛ ⎞
= ⋅ −⎜ ⎟⎜ ⎟− − ⎝ ⎠
ΣΣ . (1.10) 

 
2. The New Symmetrized Estimator 
 

Murthy (1957) symmetrized the Raj (1956) estimator to 
obtain estimator (1.9) for estimation of population total. To obtain 
the new symmetrized estimator, we have considered following 
modified versions of the Raj’s estimator given by Samiuddin and 
Kattan (1991): 
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Now using the idea of Murthy, the new symmetrized estimator is 
obtained below. 
We first find the average of T1 and T2 to obtain the following 
estimator: 
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To symmetrize this estimator we formulate following two 
estimators based on order of selection of units: 
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Now the symmetrized estimator is obtained below: 
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substituting values from (2.3) and (2.5) in (2.4) we have: 
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After slight algebraic manipulation we get following new 
symmetrized estimator: 
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The design based variance of this symmetrized estimator is derived 
below: 
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Substituting the value of symmT  from (2.6) in (2.7), and after some 
simplification, the design based variance of new symmetrized 
estimator is given as: 
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The empirical study of (2.6) is given in section 3 below. 
  
3. Empirical study 

In this section, we have carried out the empirical study of 
the new symmetrized estimator. For this empirical study, we have 
selected 15 natural populations. For comparative purpose sampling 
variance of Murthy (1957) estimator and the new symmetrized 
estimator has been calculated from these fifteen populations. The 
results of these sampling variances are given in following table: 

 
Pop. No. Murthy New Estimator 
1. 275.093 247.000 
2. 464573.800 463880.200 
3. 132624.100 129719.800 
4. 8528.188 8256.219 
5. 29.549 28.756 
6. 1228.399 1210.221 
7. 369817.700 363676.200 
8. 42606180 42108768 
9. 23619.030 23430.370 
10. 597.566 434.339 

 
From above table, we can readily see that the New Symmetrized 
Estimator has far better performance than the Murthy (1957) 
estimator. 
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