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RATIO, PRODUCT AND SINGLE MOMENTS OF
ORDER STATISTICS FROM INVERSE WEIBULL

DISTRIBUTION

M. Aleem' & G. R. Passha"

ABSTRACT In this paper the ratio and product moments of two order
statistics of different orders from Inverse Weibull Distribution have been
obtained. Further the moments of single order statistics of different orders are
also obtained.

1. INTRODUCTION

Let X" X" ••••• ,Xn be a random sample of size
. Weibull DistribuUon haVir~lgpr~babilitY d(enSitY,funJction:

Y)=- ex ---.t (, 8 111+1 P :'''x IL,
,x>O
/11,8>0

= 0 otherwise
and the corresponding distribution function:

n from a Inverse

(1.1 )

(1.2)

, I

"

F(x) = exi __ 1_1l e xll1 J
,x>O
/11,8>0

Here m is the shape parameter. At m=l, it reduces to the Inverse
Exponential distribution, where as at m= 2, it is the Inverse Rayleigh
distribution.

Let X I: /I :0;X 2:11:0;- - -:0; X 11:1/ be the order statistics, then

the pdf of X 1': /I (l :0;r :0;n) is given by:

[ ]1'-1 [ ]11-1'fr:/1 (x) = Cr:/1 F(x) 1-F(x) f(x)

,x~O
(1.3)
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(2.3)

(2.4)

(2.5)

(Incomplete Beta Function)

a

"'. ,'-111-1 f! XIIIJx e dx I dy
o

c

f! "III

Proof: In (2.2), we can write

h lb)[F(y) - F(x)Y' = 1(-1)1 [F(x)Y [F(y)Y,-1
I~O I

Then

Which proves the Lemma (2.1).

h lbJooV.f3j,k(a,b,c) = 1(-1/ f fxJ-III-1 "k-III-1
I~O I 00

[F(x)r+1 [F(y)Y,+c-1 dx dy

It can be written as

h Ilb)f3j,k(a,b,c)= 1(-1) f3j,k(a+I,O,b+c-l)
I~O I

j k a
t . =1--, tk =)- -, p =-- and
J m. m a+c

1 p
Ip(A,B)=---fxA-1(l-x)B-1 dx

f3(A,B)0

Lemma 2.2: For the Inverse Weibull Distribution (1.1), we get

etj
+

1k
[r&j+tk) rtjr.tk ]f3,.k(a,O,c)= . ----. 1I)(t,,Ikl

. ) I. l+tk Ik .
lie (a) J (c) J (c)

where

00

f3j,k (a,O,c) = f /-111-1 e
o

Proof: Using (1.2) in (2.2), we have

(2.2)

(2.1 )

(1.4)

and
111

C,.:n = (r-1)!(n-r)'

2. PRODUCT MOMENTS

ooV
f3j,k (a,h,c) = f J(x),i-m-l (y)k-m-l [F(x)]a

00
[F(y) - F(x):t [F(y)]" dxd"

f. . C [ ],.-1[ ]\,-,.-1
. " • .1':11 (x, y) = ,. .1"/1 F(x) F(y) - F(x) .

[1- F(y)]II-S f(x)f(y)
,0:O:;x<y:O:;oo

where

Lemma 2.1: Let we have non- negative integers a, band c, then

h !(hff3,i.da,h,c)= 1(-1) j,k(a+I,O,b+c-i)
1=0 I

II'
C,. \"11 = .

, (r -1)!(s - r -1)'(11- s)'
Let us denote

~L/II = E(X/,J
- j.k E( j Xk)- fJ",s:n X":II' .1':11

For different order moments of order statistics, see Ali, M. A. &
Khan, A. H. (1996), Harter, H. L. & Balakrishnan, N. (1998) and Balakrishnan,
N. & Rao, C. R. (1998), Ahsanullah, M. & Nevzorov, V. B. (2001). Mohsan, M.
(2001) obtained the expressions for single and joint moments of order
statistics for Inverse Rayleigh distribution. Aleem, M. (2002) obtained the
expressions for Ratio, Product and Inverse moments of order statistics for
Inverse Weibull distribution. Here we have obtained single relations of

II j d f.1 j.k . d'ff,-;-:nan i-,s:n In I erent manner.

and

where

and the Joint pdf of X ,.:11 & XS:II (1:0:;,. < s:O:; n) is given by:

II
I

!, I

"

k I
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, I

a v 111
Put Hi == ' in (2.5) and change the order of the integration to get the

XIII

Pearson (1955) gives the values of 1,,(*,':'). Hence the lemma (2.2) is

proved.

l'heorem 2.1: For Inverse Weibull Distribution (1.1 j

j.k _ 1
111
\2 11-.1' .1'-1'-1 i+1 (n - sIs - r - 1 )

P,.SII - Cr,S'1l \8'J I I (-1) .
i=O 1=0 I 1

Thus the theorem is proved in view of (2.8) and (2.2).

Now we have
"" \'

'~l/:.~:II ==Cr.slI J Jxj /[F(x)}-I[F(y)- F(x)]j-i-l

o 0
[1- F(y))'7-s f(~)f(x) dxdy

11-.1' ,(n-I'J"".'" Ie 1== Cr,slI I (_1)' '.' J J xJ V . [F(x)Y-
i=O I 0 0

[F F ]I-r-\ [ ]"- \+i t' t' / /'(y) _ (x)' F(y)', (x). (y) C.ILI'

5

(3.2)

(3.1 )

(2.10)

Ratio, Product And Single Moments Of Ord.er Statistics

Theorem (2.2): For Inverse Weibull Distribution (1.1)

j.k I 11-.1' .1'-1'-1 i+,(n - sIs - r - IJ
.Llj-.S:II == ; k Cr.,I:II.I I (-I) " / '

-'-+-- 1=0 '=0 I
Bill III

12-;,-~) 11-t,)~I-~)( j k)
---I-~--~,- ---I, 1--,1--

12 2-1.. --.L 1-.':.' 111 /II

(r+1) 11/ (n-r+; -I) 11/ III (n-r+i -I) III

where p == 1'+'
n+i .

Proof: Using (2.4) in (2.7), the result (2.10) is proved. Now (2.10) can be
used to obtained the moments of product of two order statistics for all
lS; r < s S; II. For the ratio, le.t k == - j, then

~l/.~/,== E(Xr:lI/ XI 'II ) V J.

h (b)"'"f3j(a,b) == I(-I)' JxJ-/II-I[F(x)]"+1 dx
1=() / 0

3. Single Moments.
lemma 3.1: let we have non- negative integers a & b, then

h ,(byf3j(a,b)== I (-I) j(a+/.O)
,=() /

where

""f3 J j-III-[[ ]a[ . y'j(a,b)== X F(x) I-F(x) dx
o

Proof: In (3.2), we can write

h (b)[1- F(x)Y' == I (-1/ . [F(x)J
1=0 /

Then
(2.9)

(2.8)

(2.7)

(2.6)
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elj+Tk [r&I'+lk) It/Itk .J___ ' ' l(t.t)
7 f' I'+T, I, "'J,k

fn- (a) .I (e) J k (e) k

f3 i,k (I' + /,O,n - r + i-I)
where 1 <:;; r < s <:;; n .

Proof: For Inverse weibull Distribution (1.,1) & (1.2)

In -111-\t(x)==-x F(x), e

result as

4

iL,
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It can be written as

" I(bff3j(a,b) = 2:,(-1) (0 + 1,0)
1=0 1

which proves the Lemma (3.1).

Lemma 3.2: For Inverse Weibull Distribution (1.1), we get

eli
f3(a,O) = t ' rti

In a ./

!r'

'I'
~I
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(3.3)

(3.4)
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. C 11-1' (n-rJ f(1-.i)ui =~ ,2:, (-1/ ' III ,
, '.11./ 1 ./

- 1=0 ' I--
em (r+l) II/

where I::;r ::;11and j < m.

Which can be used to obtain moments of any order.
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00 , I em
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III

- e x dx
o
elj

f3j(a,O) I' fri'
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