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RELATIVE EFFICIENCIES OF MAXIMUM LIKELIHOOD,
MINIMUM CHI-SQUARE, AND MINIMUM B ESTIMATORS.

Masood Amjad Khan

ABSTRACT Debate on the choice between maximum likelihood estimator
and minimum chi-square estimator is still on. Rao's school of thought
advocates for the maximum likelihood estimator and Berkson’s school of
thought for the minimum chi-square estimatar. In this paper a numerical study
has been made by computing the relative efficiency of these estimators
together with that of minimum B estimatar for the Exponential parameter. The
study reveals that for few chaices of A’ and ‘B’, the constants in Statistic B
introduced by Khan and Baily (1987), the minimum B estimator is mare efficient
than the other two. Also maximum likelihood estimator is more efficient than
the minimum chi-square estimator,

1. INTRODUCTION

Khan and Baily(19873) have shown that if X is Poisson random
variable with mean p then X*° is symmetric about p and E (X+A)*® = p** ;0
(1) and Var (X+A)*® = 419 (u"°) + O (p?®), where A is some constant.
Following Fisher's (1922) approach they proposed a new X’-type test
statistic of goodness of fit as:

9 (0, + AT (N, [6]+ B) )

B 1
4755 (NF,[81)°

(1.1)

Where o, is assumed to be distributed as multinomial with
E{o,) = Nf_, f.[01is the probability that the observation fall in the rth cell,
and A, B are some constants.
_Khan {1988a) has shown that the estimator of 8, say éﬂ obtained
by minimizing statistic B has variance as:

var (é;;) = Var (mie) +O (N%) which reduces to Var (mle} for the

choices of A=B=0.0 and A= (3/2) B, where Var (mle) is the variance of
maximum likelihood estimator of 8 obtained by Rao (1962).

in the estimation theory there are differences of opinions on the
efficiencies of minimum chi-square estimator and the maximum likelihood
estimator. Berkson (1980) went for the minimum chi-square estimate while
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Robert and Rao (1993) advocated for maximum likelihood estimate. A
numerical study has been carried out to investigate the relative efficiencies
of minimum B estimate, minimum chi-square estimate and the maximum
likelihood estimate of the parameter of exponential distribution.

2. SUCCESSIVE APPROXIMATION OF MLE, MCSE, AND MBE
Maximum Likelihood Estimate (MLE)

Let a random sample X, Xa...Xy be taken from a distribution f(x, 8)
and categorized in K cells. Let N, and N f,[6] be the observed and
expected frequencies respectively of the observation falling in the rth cell,
where f [f]is the probability of the observation falling in the rth cell. The
log likelihood function for the sample observations is defined as:

I
InLix.6)y= > N, 1o f{0]
r=)

. faln Lix.0)

The MLE say ¢, of & is the solution © Y. = (. Expressing
..

din L(_\‘,é” ) _ )
" inTaylor's series about &, up to first two terms we get
a8,

d1n L(ﬂ.\‘,én,) oo dnL(x.8,) | 6. 6,) 3% L(.:—.en)
a6, a0, 96,
This gives

5 o _a inL(x.0,) i - InL(x.0)

6, = - 2.1)
M i agn agn__

The MLE of 8 is obtained by successive approximation using {2.1) which
give the first approximation é_u as:
. SN 10,0 & NI N
6,” - 8”_-2 ( ;f;[ n])fz (— ,.fi[ nl + ..-f- 0 )

r=l ][ r [6()] r=| f, [6()] / ,‘[en]
Where @, is the initial value.

Minimum Chi-square Estimate (MCSE)
The chi-square statistic of goodness of fitis defined as

N, - NEIBD
yi=§ e
2 Nf 18]

(2.2)

r=I
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k]

- X
The MCSE say §. of 8 is the solution of = 0. Following the above

:
procedure the MCSE is obtained by successive approximation through
: X' 9'X°
H(.' = 6(1 _( )I 2
08, 08,

The first approximation is therefore
o f8 20, 1101 116,
=0, — (— _ * +
Z.’ £ [Bn] Z. £.06,71 / 6,1

N,
where p = —.
N

) (2.3}

Minimum-B Estimate (MBE)

By minimizing the B-statistic of goodness of fit defined in (1.1} can be
written as

9L (N, + A (N, 18]+ B

47 (NF[6])

and using the same procedure as above, the MBE is obtained by
successive approximation through :

B =

- 0B) . 9°B
1;28()"(;)/ ‘ 3
d8, 96,

So the first approximation of MBE of B is obtained from

i((Al-(BH f, [90]) )
= f,161
S 316 | MAL-(BI+ 1,16, )F16,1

T 9LI6,1 (BL+£[6,)' 9F[6,) (Bl+ £,16,])
+85A1—(Bl+.f;. 6,016, HA-(BI+, 6,1 16,1
4 | 5

(2.4)

)

9£.[6,1 (BI+ .16, o
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A= £, 1) (=B £, ) £ o),

37,16, 1 (Bl + 1,16, 31,16,
(2.5)
2 2A A’
Where Al=p, t—————~ "1 Bl = 5
3INp.T 9N°p> N

2 1 MLE, MCSE and MBE of the parameter of Exponential distribution.
The probability density function of exponential random variable X with
parameter 6 is defined as:

_)"(.\";sz-;—e_"'m x=20 6>0

And
. i, e_?
f.9]=Pl, <x<u = J—g——(h‘ (2.1.1)
I
Where !/ andu are the lower and upper class boundaries

respectively of rth cell. The class interval is determined by adjusting the
extreme classes. The extreme classes are taken as <c18 and >¢20 where ci
and c2 are some constants. The class interval is then (c2-c1) 0 (K-2). In this

study the extreme classed are made with ¢1=0.5 and ¢2=5.0.

The first two derivations of (2.1.1) with respect tof, are

-1, ~,

g el - e’

Bl==——
£161 =

-, -,

e o200, - 0 (u, =200,
oo €T TR0

The MLE, MCSE and MBE of 6 are obtained from (2.2), (2.3) and {2.5)

K
ZN,_m,.
I

respectively with initiai value 6, =— where i is the class mark of

N
rth class.

3.1 Numerical Study
The study is based on the following choices of N-the sample size, NS-the

number of samples and K-the number of classes.
N=20, 30,50,100,500,1 000.
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NS=25000, 50000,100000 for N<100, N<1000 and N=1000 respectlvely
K= 5, 10, 15, and 20
In case of Exponential distribution random sampies are generated through
x=—8In{i— F(x))
Where F(x) -the distribution function of exponential distribution is
generated by subroutine ran2 of FORTRAN 7.

For each sample MLE, MCSE, and MBE are computed using (2.2),
(2.3) and (2.5) respectively. Then, mean, absolute percent bias, variance,
and mean square error of the estimates are obtained. Berkson (1980)
calculates the efficiency using ratio of Mean Square Errors whereas Robert
and Rao (1993) use ratio of variances. The efficiency of MBE over MLE and
MCSE is calculated for both of these criteria.
Notations:

.APBB= 19 - E(f,) 1/8x100  MSEBM = MSE (8, )/ MSE (8, ) x100
VAREBM = VAR (6,; )/ VAR (8, ) x100

APBC = 18- £(0,.) 1/8 x100 MSEBC = MSE (6, )/ MSE (6, ) x100
VAREBC = VAR (6, )/ VAR (6, ) x100

APBM=18- £(8,) 1/8x100  MSEMC = MSE (6, )/ MSE (6, ))(100
VAREMC = VAR (6, ) /VAR (8, ) x100
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an square error and variance efficiencies of

MLE over MCSE together with absclute percent bias for few choices of 6.
The study of the table reveals that what ever is the sample size or the
number of cells (K), MLE is more efficient than MCSE whether we use MSE
efficiency or variance efficiency. The absolute percent bias in MLE for
small samples is also less than that of MCSE. Table 3.2 shows the relative
efficiency of MBE over MLE and MCSE for .

§ = 0.5, 1.0,2.0, and 5.0 together with the absolute percent bias. The study
of the table concludes that for A = 0.0 and B = 0.0, MBE is slightly more
efficient than MLE for small samples but it is far more efficient than MCSE.

Table 3.1 gives the me

Table 3.1 Relative Efficiency of MLE over MCSE extreme classes: { < .5 8),(
> 5.0 8)

=10 K=5
N MSEMC APB(M) APB{C) VAREMC
30 133.8 .27 9.2 1193

8=.5 K=5
N WMSEMC APB(M) APB(C) VAREMC

20 140.7 .64 9.42 1225

30 120.2 .95 7.95 1135 30 1343 .37 7.96 117.8

50 119.0 .62 4,72 1095 50 122.0 .33 5.07 1115

100 108.2 31 2.68 101.5 100 110.0 .56 257 103.9
500 1012 .17 .54 100.2

500 105.0 .13 .87 101.8
1000 101.8 . 13 .27 1013

B=15 K=5 8=20K=5 4‘
N MSEMC APB{M) APB(C) VAREMC N MSEMC APB(M) APB{C) VAREMC
20 139.4 1.51 10.68 119.3 20 1382 .71 9.41 1224
30 130.4 .22 7.39 116.3 30 1327 00 7.42 1184

50 125.0 .97 6.16 108.7 50 119.6 .32 537 107.2
100 1131 .46 2.77 106.4

1000 102.9 .06 .43 1014

160 1121 .47 277 105.4
500 104.0 .10 .64 102.2 BoD 103.4 .00 .76 101.0

j000 1021 .05 .44 100.5 1000 100.5 .11 .28 1000 ]
B=50K=5 - 8=.5 K=10 -

N MSEMC APB(M) APB(C) VAREMC N WMSEWMC AFB(iM) APB(C) VAREMC

20 138.5 .91 9.68 1224 20 216.3 .11 18.43 1421

30 130.1 .18 7.45 115 30 101.2 .73 15.26 125.9

50 121.3 .01 6.31 1085 Ep 170.0 .14 10.72 1156

100 1141 .30 3.59 103.3 100 138.2 .30 5.96 104.6

500 104.1 .15 .89 100.7 500 118.3 .18 1.72 1043
[To00 101.9 .09 .47 100.1 1000 1031 .12 .67 99.2 J
6=1.0 K=10 8=15 K=10 __]

N MSEMC APB(M) APB(C) VAREMC N MSEWMC APB(M) APB{C) VAREMC

20 221.4 .87 _19.92 146.1

20 196.8 .86 17.92 138.0
30 199.6 .57 16.12 129.6 30 169.1 .20 14.98 1254

50 179.89 .16 11.05 1174 50 181.6 1.20 11.87 116.2
100 143.8 .38 6.00 106.8 100 1483 .32 6.8 1120
500 111.5 .09 1.45 101.8 500 1133 .03 1.45 103.0

| 1000 107.1 .02 .81 1006 1000 107.8 .07 .86 100.8
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9=20 K=10

8=50 K=10

N MSEMC APB{(M) APB(C) VAREMC

N MSEMC APB(M) APB(C) VAREMC

20 2191 .55 1934 1438 .20 2266 .B9 18.53 151.5 °

30 193.4 .06°14.86 128.6 30 1851 .43 14.70 1257

50 178.9 .33 11.29 116.3 50 168.3 .16 11.02 1114
100 147.3 .35 '6.50 1043

100 148.2 .20 633 1101

500 111.1 .03 1.52 100.4

500 119.2 .21 1.73 103.8

1000 1043 .10 .69 10041

1000 107.9 .03 .50 998

Table 3.1 (Continued)

8=.5 K=15§

=10 K=15

N MSEMC APB{M) APB{C) VAREMC

N MSEMC APB(M) APB(C} VAREMC

20 301.6 .09 2525 163.2 20 2761 .74 24.89 1545
30 2713 77 _21.56 1415 30 271.5 .54 22.0% 1403
50 226.3 .14 14.99 1161 50 251.0 .17 1549 127.9

100 2003 .33 9.06 113.7

100 188.3 .37 9.00 1143

500 138.7 .17 2.49 105.7

500 126.6 12 2.23 103.7

1000 1129 12 112 100.9

1000 1155 .00 1.23 100.6

=15 K=15

8=2.0 K=15

N _MSEMC APB(M) APB(C) VAREMC

N MSEMC APB{M) APB(C) VAREMC

20 295.2 1.09 26.64 159.3

20 278.2 .50 25.47 153.9

30 272.0 .31 2110 1417

30 270.7 .06 20.84 142.6

50 250.5 1.11 16.52 121.1.

50 248.9 . .35 15.77 126.2

100 198.7 .30 9.156 117.3

100 192.8 .18 9.14 1138

500 129.8 .02 2.28 104.0

500 1256 .02 2.31 :100.3

1000 116.7 .07 1.28 1014

1000 113.2 11 110 101.6

8=50 K=158

8=.5 K=20

N MSEMC APB(M) APB(C) VAREMC

N WMSEMC_APB(M) AFB(C) VAREMC

20 286.4 .30 25.65 159.4

20 387.7 .23 30.83 1759

30 268.5 .40 20.74 138.8

30 348.3 .66 26.27 150.0

50 2466 .09 15.88 .123.4

50 299.0 .27 18.68 129.3

100 2025 .33 979 1133

100 2591 .34 11.71 118.8

500 137.1 .19 255 106.1

500 160.0 .18 3.25 105.8

1000 117.8 .10 1.30 1013

1000 1206 .12 1.48% 100.0

=10 K=20

8=15 K=20

N MSEMC APB(M) APB(C} VAREMC

N MSEMC APB(M] APB(C) VAREMC

. 20 3569 .53 30.67 170.3

20 3725 - 1.24 32.34 1699

30 350.4 .60 26.88 155.0

30 3347 .21 25.58 151.7

50 305.8 .23 19.09 136.2

50 3149 1.13 20.34 1293

100 265.5 .34 11.64 1168

100 266.2 .29 11.87 120.8

500 149.1 .12 3.02 105.2

500 151.5 .01 3.14 1043

1000 125.8 .01 1.62 1009

1000 120.0 .07 1.67 1024

8=20 K=20

g=5.0 K= 20

N MSEMC APB(M) APB(C) VAREMC

N MSEMC APB(M) APB(C) VAREMC

20 3766 .82 31.99 169.2

20 3744 .95 31.50 1783

30 350.5 .03 25.65 1541

30 3256 .49 2511 1499

50 338.1 .43 18.77 136.8

50 320.1 .07 19.58 1323

100 251.0 .14 11.86 116.6

© 100 2554 .32 12,19 116.7

500 1497 .01 3.12 103.6

500 1604 19 3.31 104.6

1000 124.7 10 1.51 10241

1000 1308 .10 1.74 100.5
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Table: 3.2 Relative Efficiency of MBE over MLE and MCSE

extreme classes: (<.56),( > 5.0 8)

8=5 K=5A=0 B=0

N MSEBM MSEBC VAREBM VAREBC APB{M) APB(B) APB(C)
MSEMC VAREMC

20 102.7 1469 1025 1264 1.1 .4 9.9 143.0 1233

30 102.0 135.3 101.8 1174 10 4 841 132.6 115.4

50 100.3 116.7 100.6 1084 5 1.0 4.6 1163 107.7

100 99.5 1085 996 1011 2 .4 28 109.1 1015

500 99.3 1046 992 1011 1 1 .9 1053 101.9

1000 99.2 98.6 993 983 .1 .2 .3 994 99.0

8=10 K=5A=0 B=10

"N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC

20 102.7 1455 1025 127.0 1.3 6 10.1 1416 123.9

30 102.0 1357 101.9 119.2 A 7.7 1331 117.0

100 99.6 110.0 99.8 103.5 .5 2.8 110.5 103.8

4

50 1009 121.7 101.1 1103 4 8 50 120.6 109.0
3
2

500 100.0 100.3 100.0 99.2 2 5 100.3 99.2

1000 100.6 104.1 100.7 1021 .1 .1 .5 103.4 1014

~

=20 K=5A=0 B=10

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC ' :

20 102.7 1453 102.4 126.3 15 .7 10.0 141.5 1231

30 102.0 135.1 101.8 1162 .8 .3 8.3 1324 1141

50 100.¢ 121.3 1009 1095 2 .2 53 120.2 1085

100 99.3 1099 99.6 1043 6 .8 26 110.7 104.7

500 99.8 103.4 998 1009 .0 .0 .8 103.6 101.0

1000 100.2 100.7 1003 1000 .1 1 .3 1006 99.7

86=.5 K=10 A=0 B=0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC

20 104.7 229.7 104.8 1485 8 19.0 2194 1416
30 104.1 196.8 104.0 128.2 2 15.6 188.9 123.2

3
7
50 101.7 171.4 1024 1186 .5 1.2 102 168.5 1158
100 99.9 1461 100.3 107.5 .2 .7 6.3 146.2 1071

500 99.6 118.2 986 1039 2 2 1.7 1187 1043

1000 100.2 105.5 100.2 101.7 A1 A .7 1053 101.5
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8=10 K=10 A=0 B=0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC L
20 104.6 225.7 104.5 148.7 4199 215.9 142.3

30 103.7 2006 103.9 1316 .8 153 193.5 126.6

7
1
50 101.9 181.9 102.5 1204 .2 1.0 11.0 1785 1175
100 999 1469 100.3 1080 .2 .7 6.2 147.0 107.6

500 99.5 109.3 996 1004 .1 .1 14 109.8 100.8

1000 99.9 108.0 999 1018 .0 .0 .8 108.1 101.8

Table: 3.2 (Continued)

6=20 K=10 A=0 B= ¢

N MSEBM MSEBC VAREBM VAREBC APB(M} APB(B) APB(C)
MSEMC VAREMC

20 105.0 238.1 1045 151.0 1.5 .4 206 226.8 144.4

30 103.4 199.6 103.5 1328 .2 .8 151 193.2 1283

50 102.8 185.0 1023 1225 4 4' 11.3 179.9 1191

100 100.4 147.9 1010 1104 .3 8 6.3 147.3 109.3

500 99.6 110.7 996 1005 0 .0 1.5 111.1 1009

1000 99.9 1061 999 1016 1 1 .7 106.2 1018

=50 K=10 A=0 B=20

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC

20 103.9 211.3 1044 147.3 6 1.6 18.0 203.3 1411

+ 30 103.3 190.4 103.8¢ 1295 .7 1.6 14.5 184.3 124.6

50 102.2 182.3 1022 1179 4 4 11.3 1784 1153

100 100.0 146.0 100.0 103.8 .3 .2 6.7 146.0 103.7

500 99.7 119.5 99.8 1035 2 2 1.8 119.9 1037

1000 99.9 107.7 992 1001 1 1 .9 107.8 100.2

8=.5 K=15A=0 B=0

N MSEBM MSEBC VAREBM VAREBC APB(M) APB{B) APB(C)
MSEMC VAREMC

20 104.3 317.2 1045 1688 .1 1.0 258 304.2 161.6

30 105.2 272.9 105.1 1402 7 .4 21.7 2594 1334

50 102.8 231.5 103.8 1223 6 15 14.5 2252 117.8

100 100.5 2010 101.2 1140 .2 B 9.2 1999 1126

500 99.4 1358 994 1049 2 1 2.5 136.6 105.6

1000 99.8 112.8 1001 1016 1 1 1.1 113.0 1015
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8=10 K=15 A=0 B=0"
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC _ )
~50 104.9 260.3 105.0 1567 .4 6 27.0 2766 149.3
20 105.2 285.8 1056 1507 .1 1.1 212 271.7 142.7
50 103.5 255.6 104.2 1309 .2 1.1 156 2469 125.6

9 9.3 206.5 115.0

100 100.3 207.2 1011 1162 .2 .
500 99.3 1226 99.4 101.7 .1 2 22 1235 1023

1000 99.8 115.8 99.8 101.5 .0 0 1.2 1161 101.7

g=20 K=15 A=0 B=20 '
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB{C)
MSEMC VAREMC
20 105.0 302.5 104.6 160.7 1.5 4 271 288.1 153.6
30 104.6 2884 104.9 148.7 1 1.0 216 2757 141.8
50 103.7 251.1 103.7 1314 4 6 15.6 2422 1266
1.0 9.1 190.7 109.7

100 101.1 192.7 102.0 1113 3
500 993 123.0 991 986 0 .1 2.3 124.2 99.5
1000 99.9 113.8 999 1022 1 .1 1.1 113.9 1022 ]
Table: 3.3 (Continued)
1T=5.o K=15 A= 0 B=10

N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC

20 104.0 201.0 1046 1639 .9 18 240 279.7 156.7

15 20.8 259.1 1357

30 1044 2706 106.1 142.7 .6
0 1032 2611 103.4 1316 2
100 100.6 200.0 100.8_110.0 3
00 06.6 137.4 99.4 1031 2
000 99.8 117.7_99.6 1005 1

7 15.9 253.1 127.3
4 9.7 198.7 109.2
1 25 137.9 103.7
1 1.3 117.9 1008

p=5 K=20 A=0 B=0
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC

50 104.1 407.7 104.1 1818 .4 5 31.4 391.8 174.8

30 105.1 364.9 104.9 155.4 9 1 26.8 347.2 148.2

50 103.0 311.1 1052 133.8 6 16 183 299.5 127.2
700 101.0 2707 101.9 1227 .2 9 12.0 268.0 1204
500 99.4 157.6 99.4 105.2 2 .0 3.3 158.5 105.9

1 1 15 12156 998

1000 99.3 1206 99.4 99.3
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8=1.0 K=20 A=0 B=10 .
N MSEBM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREMC
20 104.4 363.8 1044 1722 1 .5 32.3 348.5 164.9
30 105.4 364.7 1056 1606 .2. .7 26.5 346.0 152.2
50 104.0 330.7 1049 1427 4 14 19.2 318.1 136.0
100 101.4 266.1 1023 121.3 1 .9 11.9 2625 1187
500 99.0 145.7 994 1035 .2 .3 3.0 1471 104.2
1000 99.6 1265 997 1006 .0 .0 1.6 127.0 1009

8=20 K=20 A=0 B=20

N MSEBM MSEBC VAREBM VAREBC APB(M)} APB(B) APB(C)
MSEMC VAREMC

20 104.0 387.7 103.7 1752 14 6 33.0 372.7 169.0

30 104.4 355.9 104.7 1587 .0 1.0 258 3409 1515

50 104.4 325.8 1044 1374 5 6 195 3122 131.6

100 101.6 260.2 1028 121.3 .3 1.1 11.8 256.2 118.1

500 99.2 148.8 99.3 1031 .0 .1 3.1 151.0 103.8

1000 99.8 1244 99.8 1023 1 1 1.5 124.7 1025

6=50 K=20 A=0 B=0

N MSEBEM MSEBC VAREBM VAREBC APB(M) APB(B) APB(C)
MSEMC VAREM(C

20 104.0 381.1 104.3 176.7 .5 1.2 30.9 366.4 169.5

30 1045 341.3 1051 1575 6 1.5 252 3265 149.8

50 103.7 3421 104.0 1401 3 .8 198.6 329.7 134.7

+100 101.6 258.0 1019 1178 .2 .6 12.2 253.8 1156

500 99.5 157.2 993 1033 2 1 3.3 158.0 104.0

1000 99.7 1335 994 1029 1 1 1.7 1339 1036
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